We show that the Gauss-Bonnet correction to Einstein gravity induces a gravitational tachyon mode, namely an unstable spin 2 fluctuation, in the Randall-Sundrum I model. We demonstrate that this instability is generically related to the presence of a negative tension brane in the set-up, with or without Z2-symmetry across it. Indeed it is shown that the tachyon mode is a bound state localised on any negative tension brane of co-dimension one, embedded in anti-de Sitter background. We discuss the possible resolution of this instability by the inclusion of induced gravity terms on the branes or by an effective four-dimensional cosmological constant.
Introduction
Negative tension branes appear quite naturally as endpoints of spacetime in higher than 4 dimensions. For example they may appear in non-oriented string theories as orientifold planes [1] , [2] , or in orbifold compactifications of braneworld models. In the Randall-Sundrum [3] model, their inclusion provides an elegant resolution of the hierarchy between gravity and the other fundamental interactions, once the interbrane distance is fixed [4] . Interestingly, any realisation of such a geometrical hierarchy in string theory seems to also require the presence of negative tension objects [5] , orientifolds.
Higher order curvature corrections can also appear in string theory as α ′ corrections in low energy effective actions [6] , [7] . The Gauss-Bonnet correction in particular, appears (for example) in heterotic string theory rendering the low energy effective action ghostfree [9] around a flat background. Effectively such corrections describe (at tree-level) graviton interactions once we take into account the finite length ls = √ α ′ of closed strings. More importantly, in a non-perturbative approach, one expects them from purely geometric considerations in higher than 4 dimensions. Indeed the Gauss-Bonnet combination is the unique higher order curvature term, in five or six dimensions, leading to a gravitational theory satisfying the physical assumptions of General Relativity in four dimensions [8] . This stems from the fact that the Gauss Bonnet density is a topological invariant in 4 dimensions. Geometrically it is the generalisation of the usual Euler characteristic in 2 dimensions-which is nothing but the usual Einstein-Hilbert term. The resulting field equations of Einstein-Gauss Bonnet gravity involve only up to second order derivatives of the metric. This is an essential assumption when treating backgrounds with boundaries, as it renders actions (à priori) ghost-free and spacetime perturbations wavelike.
In this letter we will show that negative tension branes (as appearing in braneworld models) and the Gauss-Bonnet correction are incompatible for an anti-de Sitter (adS) background. Indeed we will demonstrate that the Gauss-Bonnet version of the two brane Randall-Sundrum model [3] is unstable. At least one tachyon (with the according degrees of polarisation) appears in the spin 2 fluctuations of spacetime. We will show furthermore that a tachyonic mode is bound to the negative tension brane much like the graviton zero-mode is bound to the positive tension one [10] . We will see in particular that when the negative tension brane is taken to infinity, the tachyon mass goes to zero and hence the instability is absent for the non-compact version of the Randall-Sundrum model. On the other hand, the non-compact version with a negative tension will always exhibit the gravitational tachyonic mode. Finally, we will consider the Gauss-Bonnet version of the Lykken-Randall model [11] . This model breaks Z2-symmetry around the TeV brane and as a result both brane tensions can be positive. We will show that this model suffers from the above instability if and only if one of the brane tensions is negative.
The origin of the instability is related to the particular boundary conditions imposed by the Einstein-Gauss-Bonnet theory. Although spacetime fluctuations are very mildly changed by the presence of the Gauss-Bonnet term, their junction conditions across the brane change radically. Indeed these turn out to be mixed boundary conditions [12] , involving the energies of the eigenmodes themselves. As a result, negative tension branes will always support a tachyonic bound state, as long as the Gauss-Bonnet coupling does not vanish exactly. This leads to the peculiarity that the tachyon mass increases when the Gauss-Bonnet coupling decreases. Also as a result of the boundary conditions any tachyon mode will also always be a ghost. Any negative tension brane then renders an adS braneworld unstable.
There are generically two ways an unstable system can react. Either it will roll down a potential hill towards a different vacuum of the same action or it may backreact to produce additional terms to the action in such a way that the previously unstable vacuum becomes stable. The former case for a two brane system corresponds to switching on a cosmological constant on the brane. This seems natural enough since the cosmological constant on the brane was fine-tuned to zero in the first place. The latter case is to include for example induced gravity terms on the branes. We will indeed show that this may smear out the instability, at the price of restricting the coupling constants involved.
The background and spin perturbations
We consider Einstein-Gauss-Bonnet theory for gravity in the bulk:
where α has dimension (length) 2 and Λ < 0 stands for Anti-de Sitter spacetime. We will take α ≥ 0 in the following as in the case of string slope expansion [6] , [7] . The solution with four-dimensional Poincare invariance reads,
with warp factor
The upper branch has no smooth limit as α → 0 and we call it the Gauss-Bonnet branch.
The lower branch has a well-defined limit when α → 0. It is continuously connected to pure Einstein gravity, and we call it the Einstein branch. If the coupling α is small the GaussBonnet term may be interpreted as a higher order curvature correction to General Relativity. This is the branch we will be considering from now on in order to be also able to investigate the perturbative effects of such corrections to braneworld models. Note that the solution for the Einstein branch is defined only for 4αk 2 ≤ 1. As a typical system involving a negative tension brane, we will first consider two Poincaresymmetric branes, of tensions T1 at y = 0 and T2 at y = yc, respectively,
and Z2-symmetry accross the orbifold fixed points y = 0 and y = yc 1 . Then,
where we have the usual fine-tuning of the brane tensions, with however some liberty in the actual value due to the presence of the extra length scale √ α in the action. This setup is just the generalisation, in Gauss-Bonnet gravity, of the Randall-Sundrum model [3] aiming to generate the large hierarchy between the T eV scale at y = yc and the four-dimensional Planck mass M Pl at y = 0. In this case we have typically,
where k here depends also smoothly on α (3).
Let us now consider a linear perturbation around this background. We will focus on the spin 2 fluctuations, i.e. the graviton modes as percieved by a 4 dimensional observer. For these it is sufficient to consider a background perturbation in Gaussian normal gauge,
with h (m)
µν (x) transverse and tracefree. The metric fluctuations verify,
µν (x), leading to plane wave separation of variables, h
where ǫµν is the constant polarisation tensor. We do not consider here the scalar mode describing the interbrane distance [13] , the radion, which will not be relevant for our purpose 2 . The perturbation equation in the bulk reads (in standard Sturm-Liouville form),
where a prime denotes derivative with respect to y and
Since we consider the Gauss-Bonnet combination for the curvature corrections in α, (8) is still a standard wave equation for the eigenmodes ψm, of second order in the derivatives. However, p and w (9) now involve derivatives in the background field A(y), which are not continuous in the presence of branes. For example, w =ŵ + [−4αe
, whereŵ stands for the continuous part of w, and [ ] denotes the jump across the brane location y = yi (see also [14] ). For the two brane system we consider here, we have in the bulk (0 < y < yc),
while the junction conditions resulting from (8) read:
For α = 0 (or m = 0), these are usual Neumann boundary conditions. In Gauss-Bonnet gravity however, we now have mixed boundary conditions involving the energies of the modes themselves. This leads to essential differences in the properties of (8) given (11) (12) . For instance, the definition of the norm of the eigenmodes ||ψm|| has to include suitable boundary terms 3 :
where the first equality results from multiplying (8) by ψm, integrating by parts on y and using (11)- (12) . As usual, p andŵ (10) are positive definite for the Einstein branch in (3). Therefore, for α = 0, (13) implies that m 2 has to be non negative. However, this standard positivity argument breaks down here if any of the boundary terms in (13) is negative. This will be typically the case for negative tension branes. Then there may be tachyonic modes due to the "α-dependent terms". Furthermore, any tachyon will also be a ghost, namely a state with finite but negative norm (13) or equivalently with wrong sign for the kinetic term in the four-dimensional effective action for h (m) µν (x). Indeed expanding (1) to second order we obtain,
and the kinetic term changes sign for the tachyon mode. It is obvious that (14) agrees with the field equation (8) and with the definition of the norm (13) . We now show that there is a tachyon mode for the two brane system.
The tachyonic bound state
Any tachyonic eigenmode of (8) with m 2 = −µ 2 < 0 is of the form,
with Aµ and Bµ real constants. From the plane-wave separation of variables, a linear perturbation containing such an eigenmode will grow exponentially with time and will therefore signal the classical instability of the background. Imposing the junction conditions (11)- (12) on the tachyon (15) gives a linear homogeneous system for the constants Aµ and Bµ. For a non-trivial solution to exist the determinant has to vanish.
with
where we have two numerical parameters:
The parameter χ describes the interbrane distance. For example, χ ∼ 10 15 to generate the hierarchy (6), while χ = 1 when the two branes coincide. The parameter ζ describes deviation from General Relativity. For the Einstein branch solution and α ≥ 0, we have 0 ≤ ζ ≤ +∞. For αΛ small, which essentially means dominant Einstein gravity, ζ is also small, with ζ = 0 for α = 0. Alternatively ζ goes to infinity as we approach the Chern-Simons limit, αΛ = −4/3 [15] . Except in these two particular cases, it is easy to show,by the following argument, that (16) always admits a finite non-vanishing solution for x, which corresponds to a tachyon of mass µ = kx. The functions f (x) and g(x) are shown in figure (1) .
whereas as x → +∞: Therefore f (x) > g(x) > 0 for x ≃ 0, while for x → +∞ g(x) → 0 and f (x) → −∞ (note however that when ζ = 0, f (x) → +∞ as x → +∞). Since f (x) and g(x) are continuous on ]0 + ∞[, they have to intersect at least once at finite x, corrsponding to the tachyon mass. Note that the above argument does not apply when ζ does exactly either vanish or become infinite. In particular, the instability persists for arbitrarily small but non vanishing coupling α. In the Randall-Sundrum model [3] for example where typically χ ∼ 10 15 and k ∼ M Pl , the qualitative behavior of µ as a function of ζ is as follows. For ζ ≃ 1, the tachyon mass is of the order of the TeV scale. When ζ << 1, χx >> 1 and the corresponding asymptotic expansions for the Bessel functions give: µ ≃ k χζ . Hence, when ζ is fine-tuned to zero at the 10 −15 level, µ is of the order of the four-dimensional Planck mass M Pl . Furthermore, due to the junction conditions, the limit α → 0 is discontinuous for the tachyon mass, namely we have then µ → ∞, whereas there is no tachyon when α = 0 exactly. These peculiar features may be better understood in the analog quantum mechanical picture.
To this end consider the new coordinate |z| = 1 k (e k|y| − 1), with the branes now located at z = 0 and z = zc, and rescale the metric perturbation Φ(z) = e −3k|y|/2 ψ(y). Then Φ(z) obeys the Schrödinger equation,
Note the presence of the mass-dependent distributional terms in the right-hand-side (which will accordingly change the usual L2 scalar product). For the bound state solutions m 2 = −µ 2 ≤ 0, the effective potential for the system reads,
Here we have included the energy-dependent distributional terms into the potential, for the sake of illustration. Much may be understood from the distributional contributions to the potential (25) , which are either attractive if their overall coefficient is negative, or repulsive if it is positive. The contribution centered on the Planck brane at z = 0 is attractive for µ = 0, and it allows for the usual normalisable bound state zero mode. This is to be contrasted with the contribution centered on the T eV brane at z = zc, which is repulsive for µ = 0 (or any m 2 > 0). Indeed the zero-mode is "localised" around the positive tension brane at z = 0. However, we see that the contribution at z = zc may now be attractive for µ = 0. Namely the negative tension brane may now support a new normalisable tachyonic bound state if ζ = 0. It is also clear that for this contribution to remain attractive, the value of µ must increase when ζ decreases. This is precicely the case as the following argument shows. One can approximate the mass and the wave function of the tachyon Φµ by simply solving (24) in the vicinity of the negative tension brane at z = zc. Then, for χ = k zc + 1 >> 1, the bulk part of the potential (25) is approximately constant and equal to 15k 2 4χ 2 , and we may neglect the boundary term at z = 0. To leading order in ζ, the result for the tachyon mass is:
for which the distributional term at z = zc in the potential (25) is indeed attractive. The corresponding wave function is shown in figure (2) : the tachyon mode is a bound state localised on the negative tension brane, much like the zero mode is bound on the positive tension one. Again, the smaller the coupling α, the larger the tachyon mass and the more localised its 
Stability constraints on Gauss-Bonnet braneworlds
In this section, we consider variants of [3] , and we investigate their stability requirements. First, we show that the above instability does not result from a compact extra dimension but rather from the presence of a negative tension source. Next, we show that the instability may be smeared out by the inclusion of induced gravity terms on the branes.
In the case of an infinite extra dimension, we have to require the modes to be normalisable and the metric perturbation e 2A(y) ψm(y) to be initially bounded everywhere, in particular at spatial infinity y → ∞. This leads to another boundary condition at infinity. Considering a single Z2-symmetric brane, with positive tension, we end up with the second Randall-Sundrum model [10] , in Gauss-Bonnet gravity. Any tachyon mode would still be given by (15) , but the boundary condition at infinity now requires Aµ = 0.
4 Imposing the junction condition (11) at y = 0, we end up with the second factor of f (x) in (17) vanishing, which has no solution. This model has therefore stable spin 2 fluctuations. Accordingly, sending the negative tension brane to infinity in (26), ie. χ → ∞, sets µ = 0. On the contrary if we choose to keep the negative tension brane (ie. the anti-de Sitter slice now contains the conformal boundary), we have Bµ = 0 at infinity and we loose the zero mode keeping the tachyonic one. Another illustration is provided by the Gauss-Bonnet version of the Lykken-Randall model [11] , where the tension of the second brane may be either positive or negative. In this setup we keep Z2-symmetry across a first brane at y = 0, but break it across a second brane at y = yc. For |y| < yc, the bulk cosmological constant is still denoted as Λ, and the background solution is still given by (3). However, one introduces now another cosmological constantΛ in the bulk for |y| > yc, with corresponding warp factork in the background solution. Then, the tension of the first brane is still given by T1 in (5), while for the second brane it reads:
which may be positive or negative, following the sign of (k − k) 5 . The tachyon mode, is given seperately in two regions (15) , with k andk for 0 < |y| < yc and |y| > yc respectively. The boundary condition for y going to infinity, continuity at y = yc, and the junction conditions accross both branes then lead to a relation similar to (16) , with slightly generalised functions f (x) and g(x) as compared to (17) and (18) . Their asymptotic behavior is very similar to (20) , (21) and (23) respectively, except that we now have,
Hence, when both branes have positive tension, that is whenk > k, f (x) → +∞ for x → +∞, rather than minus infinity (22) , and the argument for the existence of a tachyon mode breaks down. Accordingly repeating the argument of (13) shows that the spectrum of eigenvalues is positive. This is to be contrasted to the case in which one of the branes has a negative tension, which is again unstable 6 . It is therefore clear that in anti-de Sitter background with the action (1), any inclusion of a Poincaré symmetric negative tension brane destabilises the system.
The presence of induced gravity terms on the branes can modify the above conclusions 7 . Indeed, consider the action:
Note however that by including induced gravity terms we are adding two new coupling constants to the action β1 and β2, thus enlarging considerably the parameter space of solutions. The important point here is that only the junction conditions for the massive modes are modified. One may thus follow the same analysis as above, by defining:
Then, the gravitational tachyon may be avoided in the following cases: −1/2 ≤ ζ1 ≤ 0 and ζ2 ≥ 0 ; or ζ1 ≥ 0 and ζ2 ≤ 0. Requiring the effective four-dimenssional Planck mass squared to be positive gives ζ1 ≥ −1/2. Furthermore, the presence of brane induced gravity terms on the negative tension brane may lead to the radion field being a ghost (see for instance [19] ). This also signals instability, although at the quantum level this time. Generalising the method used in [20] to the action (29), we find that for this not to be the case, the parameters have to satisfy:
Hence, for the Einstein branch solution with α ≥ 0, a well-behaved radion field requires ζ2 ≥ −1/2. Summing up all these constraints, the allowed range of parameters reduces to
With these restrictions, spin 2 fluctuations are stable. We close this section by noting that for the Gauss-Bonnet branch in (3), we have (ζ + 1 2 ) < 0. Therefore f (x) and g(x) do not intersect for χ of order (6) . This case is thus a priori free of tachyon modes, although all the gravitons are now ghosts. This is because p and w are then negative (see (10) ), hence so will be the kinetic term in an effective action for the metric perturbation. One could have thought to simply rescale the overall bulk action (1) by a minus sign to get rid of this problem, but it is then the radion field which becomes ghost-like (namely the left-hand-side of (31) with β2 = 0 then becomes negative). Finally, had α been negative, the above tachyon mode could have been avoided for 4αk
. However, precisely in this case does the radion field become ghost-like (see (31) for β2 = 0).
Conclusions
Einstein-Gauss-Bonnet gravity in 5 or 6 dimensions 8 is a natural generalisation to Einstein 4 dimensional gravity. In the context of such a gravitational theory we have demonstrated that once we embbed a 4 dimensional flat brane with negative tension, in a 5 dimensional adS background, then a bound-state tachyon-ghost appears in the spectrum of spin 2 fluctuations. In particular, this means that the Gauss-Bonnet version of the Randall-Sundrum two brane model [3] is unstable. The spacetime instability is independent of Z2 symmetry or compactness in the extra dimension. For example the Lykken-Randall model is unstable if and only if there is a negative tension in the set-up. The appearance of the tachyon mode bound state in the spin 2 spectrum is actually very much similar to the emergence of the zero mode in the Randall-Sundrum model [10] which localises gravity for the positive tension brane. There the necessary ingredients are an adS background with a boundary positive tension brane. Here, in the same way, the necessary ingredients are adS background with this time, a negative tension boundary brane. Additionally, as for the graviton zero mode, the fact that the tachyon is localised around the negative tension source arises from the effective tachyonic potential which becomes infinitely negative there (25) . This in turn shows that the tachyon mass gets larger and larger as the Gauss-Bonnet coupling goes to zero. This in a nutshell means that an effective action approach in powers of α would be inconclusive; since, however small the coupling α, the effect of the Gauss-Bonnet correction would always be dominant and thus the expansion unjustified. The instability we have portrayed here, is in this sense non-perturbative.
In string theory both Gauss-Bonnet corrections [7] and negative tension boundaries, orientifold planes [1] , [2] can appear. A typical example is that of open type I SO(32) string theory. Orientifolds there appear as non-dynamical 8-branes of RR charge [22] and negative tension. The Gauss-Bonnet term also appears at the level of the disk since the underlying theory is S dual to the SO(32) heterotic string (where the Gauss-Bonnet term appears at treelevel [7] ) 9 . Clearly the field content is richer and much more complex in this case, especially since the Gauss-Bonnet term would be coupled to a varying dilaton field. Already finding the Gauss-Bonnet extension of the solution presented in [22] would be highly non-trivial (see also [12] where Gauss-Bonnet gravity destabilises scalar field solutions). Therefore our simple negative constant curvature setup is not conclusive for string theory. Furthermore even if the stability persisted as a bound state to the orientifold, then the effective action approach would be unjustified 10 . The stability issues for string theory backgrounds certainly require further careful investigation.
A final issue is the endpoint of the instability. One can argue that the brane action may pick up induced gravity terms (at the price of adding 2 more coupling constants to the original action) and in this case we showed that one may avoid the instability by restricting the according couplings. Alternatively the RS I solution is not a stable vacuum of the action (1) and therefore one may question what the true vacuum of such a theory is. In other words can we find alternative vacua of the action and are they stable? For instance had we considered 4 dimensional dS or adS branes would the instability persist? Note that even if spin 2 fluctuations are stable for a de-Sitter domain wall, the radion will be unstable, [24] (see also [26] ) in the sense that the two branes will repel each other destroying any hierarchy argument. Such a question on the stable vacuum may be interesting if stringent constraints are required for the effective 4 dimensional cosmological constant. This is a question we hope to be addressing in the near future.
